Abstract. This paper deals with the finite element approximation of the vibration modes of a laminated plate modeled by the Reissner-Mindlin equations; DL3 elements are used for the bending terms and standard piecewise linear continuous elements for the in-plane displacements. An a priori estimate of the regularity of the solution, independent of the plate thickness, is proved for the corresponding load problem. This allows using the abstract approximation theory for spectral problems to study the convergence of the proposed finite element method. Thus, optimal order error estimates including a double order for the vibration frequencies are obtained under appropriate assumptions. These estimates are independent of the plate thickness, which leads to the conclusion that the method is locking-free. Numerical tests are reported to assess the performance of the method.
Introduction
The laminated plates are widely used in engineering practice, for instance, in automobile, space, and civil applications. The main motivation for this interest is related to the improved ratio between performances and weight of this kind of plates with respect to homogeneous ones. Several different models of these plates have been proposed. The simplest one is the Classical Laminated Plate Theory (CLPT) [13] , which is based on the Kirchhoff hypotheses. However, other models arising from the Reissner-Mindlin assumptions are often preferred; they are called First-order Shear-Deformation Theory (FSDT) [3] .
Locking is a very well-known phenomenon in the numerical computation of plate problems. It consists of the fact that very unsatisfactory results are obtained when the thickness is small with respect to the other dimensions of the structure. From the point of view of the numerical analysis, locking reveals itself in that the a priori estimates depend on the thickness of the structure in such a way that they degenerate when this parameter becomes small. Several methods based on reduced integration or mixed formulations have been devised to avoid locking in the load plate problem (see [6] , for instance). Some of them have been analyzed for the plate vibration problem, as well. For instance, the DL3 and the MITC elements (which were introduced for load problems in [10] and [5] , respectively) have been analyzed for vibration problems in [9] and [8] , respectively.
Locking-free methods for load problems of laminated plates with several layers all of the same thickness have been analyzed in [2] in a general context. In the present paper we address the corresponding vibration problem. For simplicity, we present the analysis in the case of only two layers. We use the DL3 elements introduced in [10] for the bending terms and standard triangular finite elements for the in-plane displacements. The analysis is made in the framework of the abstract spectral approximation theory for compact operators as stated, for instance, in [4, Section 7] . The goal is to prove optimal order convergence in L 2 and H 1 norms for the eigenfunctions and a double order for the eigenvalues. Moreover, to ensure that the method is locking-free, it has to be proved that the error estimates do not deteriorate as the plate thickness becomes small.
The present analysis is based on the results for load problems for laminated plates from [2] and for the vibration problem for homogeneous plates from [9] . The main difficulty is the need for additional regularity of the solution of the load problem for a Reissner-Mindlin laminated plate. This is the reason why we had to prove new a priori estimates for this problem, with constants independent of the plate thickness. This result is interesting by itself, since the error of any numerical method for laminated plates will rely on such an estimate. To the best of the authors' knowledge, the obtained estimate had not been proved before. Moreover, the proof of the analogous estimate known for classical Reissner-Mindlin plates (see [1] ) does not extend directly to this case. In fact, to extend it, we had to resort to more recent regularity results for formally positive elliptic systems from [12] .
The outline of the paper is as follows. In Section 2, we present the mathematical setting of the vibration problem for a laminated plate. The resulting spectral problem is shown to be well posed. The eigenvalues and eigenfunctions are shown to converge to the corresponding ones of the limit problem as the thickness of the laminated plate goes to zero, which corresponds to a Kirchhoff laminated plate. The finite element discretization is introduced in Section 3 and optimal orders of convergence are proved. These estimates are proved to be independent of the plate thickness and this allows us to conclude that the method is locking-free. In Section 4, we report several numerical tests confirming the theoretical results and showing the good performance of the method. The experiments include some cases not covered by the theoretical analysis, where optimal orders of convergence are also attained. Finally, we prove in the Appendix a thickness-independent a priori estimate for the regularity of the solution of the corresponding load problem.
Throughout the paper, we will use standard notation for Sobolev and Lebesgue spaces. Moreover, · 0 will denote the standard norm of
Finally, C will denote a generic constant, not necessarily the same at each occurrence, but always independent of the plate thickness t, the particular functions involved, and, in Section 3, also independent of the mesh-size.
Reissner-Mindlin laminated plate equations
Consider an elastic plate of thickness t with reference configuration Ω × − 2 ) of its mid-surface Ω. For the forthcoming analysis, we assume that the plate is clamped on its whole boundary ∂Ω.
The vibration problem for such a plate can be formally obtained from the three-dimensional linear elasticity equations as follows: According to the ReissnerMindlin hypotheses, the admissible displacements at each point are given by
2 . Test and trial displacements of this form are taken in the variational formulation of the linear elasticity equations for the vibration problem of the three-dimensional plate. By integrating over the thickness and multiplying the shear term by a correcting factor, one arrives at the following problem (see [16] ):
Find ω > 0 and nontrivial (u
where
. In the equation above ω is the angular vibration frequency, (·, ·) denotes the standard L 2 (Ω) inner product of scalar, vector or tensor fields, as corresponds, and ε is the linear strain tensor defined by ε ij (v) :
Moreover, A, B, and D are fourth-order tensors defined by
where C 1 and C 2 are the linear elasticity operators on each medium,
with plane stress Lamé coefficients
, E i being the Young modulus and ν i the Poisson ratio of each material. Finally, κ := k(μ 1 +μ 2 )/2 is the shear modulus of the laminated plate, with k an appropriate correction factor, and ρ i is the density of each material.
We rescale the problem using new variables
The reason for this is that the rescaled variables attain finite nonzero limits as t goes to zero, as will be shown below (cf. Lemma 2.2). We also introduce the scaled shear stress γ := κ t 2 (β − ∇w) and the bilinear forms
Thus, the plate vibration problem can be rewritten as follows:
. All the eigenvalues λ t of this problem are strictly positive, because of the symmetry of both bilinear forms, the ellipticity of a, which has been proved in [2, Proposition 2.1], and the positiveness of b t , which can be proved by straightforward computations.
To analyze the approximation of this eigenvalue problem, we introduce the operator
. This is the load problem for the Reissner-Mindlin laminated clamped plate. It is a well-posed problem; in fact, the existence and uniqueness of the solution for all t > 0 follows from [2, Proposition 2.1].
Because of the symmetry of the bilinear forms a and b t , the operator T t is selfadjoint in H endowed with the inner-product b t (·, ·). The norm induced by this inner product is equivalent to the weighted L 2 norm
with equivalence constants independent of t. On the other hand, because of the compact embedding
, T t is a compact operator. Then, apart from 0, its spectrum consists of a sequence of finite multiplicity real eigenvalues converging to zero. Note that λ t is an eigenvalue of problem (2.1) if and only if μ t := 1/λ t is an eigenvalue of T t , with the same multiplicity and corresponding eigenfunctions.
The solution of the load problem (2.2) satisfies the following additional regularity result, which is systematically used in the proofs that follow:
, and there exists a constant C > 0, independent of t and (f, m, g), such that 
. This limit problem is well posed and corresponds to the bending of a clamped Kirchhoff-type laminated plate subjected to a (rescaled) transverse load g. The arguments from [6, Section VII.3.1] can be easily adapted to prove that the limit problem above is equivalent to finding (u 0 , β 0 , w 0 ) ∈ V such that there exists γ 0 ∈ H 0 (rot, Ω) satisfying
where ·, · stands for the duality pairing in
with rot ψ := ∂ 1 ψ 2 − ∂ 2 ψ 1 and τ being a unit vector tangent to ∂Ω. Moreover, the arguments from [6] can also be adapted to prove that this is a well-posed mixed problem. Thus, we are allowed to introduce the operator
, with (u 0 , β 0 , w 0 ) being the solution to problem (2.4). An a priori estimate similar to (2.3) holds for the limit problem (2.4), as well;
The proof of this estimate is a consequence of Lemma 6.2 from the Appendix (cf. Corollary 6.3). Now, we may proceed as in [9] to prove an estimate for the convergence of the solution to (2.2) to that of (2.4) as t goes to zero. In fact, we have the following result.
Lemma 2.1. There exists a constant C > 0, independent of t, such that
Proof. Repeating the arguments of the proof of Lemma 6.4 from the Appendix we arrive at
(cf. (6.19)). Next, subtracting the second equation in (2.4) from that in (2.2), we
Hence, the estimate above and (2.3) yield
Thus, we conclude the proof.
As a consequence of this lemma, the operator T t | V converges in norm to T 0 | V . Then, standard properties of separation of isolated parts of the spectrum (see for instance [11] ) yield the following result. 
Finite-element discretization
We restrict our analysis to the DL3 elements introduced in [10] , although other finite elements can be analyzed in this same framework. We consider a regular family of triangulations {T h }; as usual, h denotes the mesh-size.
To discretize the rotations, we use standard piecewise linear functions augmented in such a way that they have quadratic tangential components on the boundary of each element. More precisely, for each T ∈ T h , let α 
The finite element space for the rotations is defined by
We use standard piecewise linear elements for the displacements; namely,
the transverse displacements and
for the in-plane displacements. Thus, the finite element discretization of the space V is defined by
For the numerical method, we also need the so-called reduction operator
where Γ h is the lowest-order rotated Raviart-Thomas space (see [14] )
This reduction operator is uniquely determined by
for every edge of the triangulation (τ being a unit tangent vector along ). Now we are in a position to write the finite element approximation of the plate vibration problem (2.1):
Notice that the method is nonconforming since consistency terms arise because of the reduction operator.
As in the continuous case, we introduce the operator
being the solution to the corresponding finite element discretization of the load problem (2.2), namely,
The existence and uniqueness of the solution to this problem follows easily from the ellipticity of a. Once more λ th is an eigenvalue of problem (3.1) if and only if μ th := 1/λ th is a strictly positive eigenvalue of T th with the same multiplicity and corresponding eigenfunctions.
For t > 0 fixed, the spectral approximation theory for compact operators (cf. [4] ) can be readily applied to prove convergence of the eigenpairs of T th to those of T t . However, further considerations are needed to show that the error estimates do not deteriorate as t becomes small. With this goal, we will make use of the following result, which will lead to optimal error estimates in the H 1 norm for displacements and rotations.
Lemma 3.1. There exists a constant C, independent of t and h, such that
The arguments given in the proof of [2, Proposition 3.2] for pure transverse loads (i.e., f = 0 and m = 0) extend easily to our case yielding
Thus, the lemma follows from this inequality and (2.3).
As a consequence of this lemma, T th | V converges in norm to T t | V . In fact, for any fixed t ∈ (0, t max ), we have |·| t ≤ t max · 1 and hence the lemma yields
Consequently, if μ t is an eigenvalue of T t with multiplicity m, then exactly m eigenvalues of T th (repeated according to their respective multiplicities) converge to μ t as h goes to zero (see [11] ). The following theorem shows that, under mild assumptions, optimal t-independent error estimates in the H 1 norm are valid for the eigenfunctions. 
with a constant C independent of t and h.
Proof. The inequality of the theorem is a direct consequence of the estimate (3.2) and [4, Theorem 7.1], with a constant C depending on the constant in (3.2) (which is independent of t) and on the inverse of the distance of μ t to the rest of the spectrum of T t . Now, according to Lemma 2.2, for t small enough, this distance can be bounded below in terms of the distance of μ 0 to the rest of the spectrum of T 0 , which obviously does not depend on t. Thus, we conclude the proof.
The following lemma is the basic tool to prove a double order of convergence for the eigenvalues.
Lemma 3.3. There exists a constant C, independent of t and h, such that
Proof. We do not include it, since it is a straightforward modification of the proof of [9, Lemma 3.4].
Theorem 3.4. Let μ t and μ th be as in Theorem 3.2. Then, for t and h small enough,
Proof. Let (u, β, w) be an eigenfunction corresponding to μ t normalized in the norm induced by b t . Applying [4, Theorem 7.3] and taking into account that T and T h are self-adjoint with respect to b t , we have
, with a constant C depending on the inverse of the distance of μ t to the rest of the spectrum of T t . By repeating the arguments in the proof of Theorem 3.2 we observe that, for t small enough, this constant can be chosen independent of t. Thus, since |·| t ≤ C · 0 , using the estimate from Lemma 3.3 in (3.3), we conclude the proof. 
Proof. Since |·| t ≤ C · 0 , the arguments in the proof of Theorem 3.2 can be repeated using · 0 instead of · 1 and the estimate from Lemma 3.3 instead of (3.2).
Numerical experiments
We report in this section some numerical results obtained with a code which implements the method analyzed above. The aim of this numerical experimentation is two-fold: to confirm the theoretical results and to assess the performance of the method.
4.1. Test 1: A simply supported rectangular plate with a known analytical solution. Validation. The aim of this first test is to validate the computer code and to corroborate the error estimates proved in the previous section. With this purpose, we applied the method to a problem with a known analytical solution: a rectangular simply supported plate (see [15, 16] ). This test allowed us to calculate the error of the different quantities computed with our code. Moreover, it shows that the method is able to deal with other kinds of boundary conditions, although the theoretical analysis has been made just for clamped plates.
If the domain of the simply supported plate is the rectangle Ω := (0, a) × (0, b), then the eigenfunctions are given by t and whose eigenvalues are the ones we are looking for.
We applied the method to a plate of length a = 6 m, width b = 4 m, and thickness t = 0.1 m. We used the following physical parameters:
Finally, we took k = 5/6 as a correction factor for this and all the other tests. We used uniform meshes obtained by refining the coarse one shown in Figure 1 . The refinement parameter N is the number of layers of elements through the width of the plate. A quadratic order of convergence can be clearly observed for all the vibration frequencies, which corresponds to an optimal double order according to the degree of the finite elements used. Figure 2 shows the error curves in the L 2 norm and the H 1 seminorm of the inplane and the transverse displacements, u and w, respectively, for the eigenfunction corresponding to the lowest vibration frequency ω 1 . A quadratic order in L 2 and a linear order in H 1 can be clearly observed for both displacements. Once more, this corresponds to the optimal orders according to the degree of the finite elements.
Test 2:
A clamped rectangular plate. Testing the locking-free character of the method. The main goal of this test is to confirm experimentally that the method is locking-free, as was proved in the previous section. With this purpose, we chose a problem lying in the theoretical framework: a plate clamped on its whole boundary.
We used a rectangular plate with the same dimensions and physical parameters as in the previous test. First, we also used the same meshes.
We computed the lowest vibration frequencies of the plate on each mesh. Since no analytical solution is available in this case, for each vibration mode, we extrapolated a more accurate approximation of the frequency and estimated the order of convergence by means of a least square fitting. Table 2 shows the six lowest vibration frequencies computed on different meshes, the estimated order of convergence and the extrapolated more accurate value of each frequency. Once more, a double order of convergence can be readily observed for all the vibration frequencies.
In the previous tests we have used uniform meshes. In what follows we will show that the performance of the method is essentially the same on nonuniform meshes. With this purpose, we have solved the same problem with tiled meshes as those shown in Figure 3 ; the reason for this choice is to avoid asymptotically uniform meshes. The refinement parameter M used this time to label each mesh is the number of tiles on each vertical edge of the plate. Table 3 shows results analogous to those from Table 2 , but computed with this kind of meshes. No significant difference can be observed between the results on uniform and nonuniform meshes. The order of convergence is clearly quadratic in both cases and the size of the error depends essentially on the number of elements and not on the type of mesh.
Next, we tested whether the method remains locking-free as the thickness becomes small. For this test, we took clamped plates with the same physical parameters and dimensions as above, except for the thickness for which we used different values ranging from t = 0.1 m to 0.1 mm. To allow for comparison, we report normalized frequenciesω := ω/t. Table 4 shows the lowest vibration frequency of clamped rectangular laminated plates with decreasing values of the thickness computed on uniform meshes. Once more, the table includes the estimated orders of convergence and extrapolated frequencies. We also report on the last row the extrapolated limit values corresponding to t = 0 (i.e., the Kirchhoff model). We observe that the method is perfectly locking-free, and that the quadratic order of convergence is preserved even for extremely small values of the thickness.
Results essentially equal to those shown in Table 4 are obtained with the tiled nonuniform meshes shown in Figure 3 . We do not include the corresponding table, since there is no significant difference.
Test 3:
A clamped circular plate. Robustness of the plate model and the finite element method. The aim of this test is to assess the efficiency of the Reissner-Mindlin laminated plate model by comparing their results with those obtained from the 3D elasticity equations. In particular, we are interested in exhibiting the robustness of the model, as well as that of the proposed finite element method, when applied to laminates with very different physical parameters. With this purpose, we applied the method to a problem whose corresponding 3D equations can be accurately solved. This is the reason why we chose a circular plate, whose axisymmetric vibration modes can be efficiently computed from the corresponding equations in cylindrical coordinates.
We used a clamped circular plate with diameter d = 2 m and thickness t = 0.1 m. First, we took the same physical parameters as in the other experiments. We used quasiuniform meshes as that shown in Figure 4 . The refinement parameter N is in this case the number of elements lying on a radius of the circle. On the other hand, by taking advantage of the cylindrical symmetry, the threedimensional problem reduces to a two-dimensional one posed on a meridional section of the plate. Thus, we also computed the axisymmetric vibration modes by means of another code based on a standard finite element discretization of the 3D elasticity equations in cylindrical coordinates. Also, in this case we used successively refined meshes and obtained a very accurate approximation of the vibrations frequencies by extrapolation.
We report in Table 5 the results for a couple of axisymmetric modes, which, for this plate, correspond to the first and the sixth vibration frequencies. The table includes again the extrapolated values of the frequencies and the estimated orders of convergence, as well. It also includes in the last column the values obtained with the axisymmetric 3D code. It can be seen from this table that the disparity between both extrapolated values is very small indeed, which is merely a confirmation of the accuracy of the Reissner-Mindlin laminated plate model.
Next, we tested the robustness of the model applied to laminates with physical parameters of very different scales. With this aim, we computed the vibration modes of a plate identical to the previous one, except for the fact that the Young modulus of the second material is now E 2 = 0.144 × 10 8 N/m 2 . Therefore, the ratio between the Young moduli of each material is 10 4 . We report in Table 6 the results for this plate analogous to those of the previous table.
Once more, an excellent agreement between both models can be clearly observed, despite the disparity of the Young modulus of each material. Other unreported tests demonstrate the robustness of the method for the Reissner-Mindlin laminated plate model with respect to the remaining physical parameters. Finally, Figures 5 and 6 show the transverse displacement fields computed with the Reissner-Mindlin plate model for the two vibration modes reported in Table 6 . The figures also show the corresponding meridional plate sections of each mode computed with the axisymmetric 3D code. 
Test 4:
A cantilever rectangular plate. A test with significant coupling between in-plane and transverse displacements. The aim of this test is to assess the performance of the method when there is a significant interplay between the membrane action and the bending behavior of the plate. With this purpose, we applied the method to a cantilever plate, with its dimensions chosen to allow for a significant coupling between in-plane (membrane) and transverse (bending) terms.
In particular, we have used a rectangular plate, with height and width as that from Test 1, with its left edge clamped and all the others free. The thickness of the plate was chosen t = 1 m so that the frequencies of the lowest membrane modes (i.e., those with in-plane displacements larger than transverse displacements) lie in the range of the lowest bending modes (with transverse displacements larger than The Young moduli ratio E 1 /E 2 = 10 2 was taken sufficiently large so that the plate results in an unbalanced laminated structure with a significant coupling between membrane and bending terms. Figure 7 shows the in-plane and transverse displacements for the four lowest vibration modes. Notice that the third one corresponds to a membrane mode (larger in-plane displacements) whereas the other ones are bending modes (larger transverse displacements). This can be seen more clearly from Figure 8 , where the three components of the displacements on the bottom edge of the plate are shown for each mode. The interplay between membrane and bending terms can be seen from the fact that the ratio between transverse and in-plane displacements is, for instance, around 8 for the second vibration mode and around 5 for the fourth one. Table 7 shows the convergence behavior of the method. In this case, the orders of convergence are smaller than for clamped and simply supported plates. This behavior agrees with what should be expected from the theoretical results, since the eigenfunctions of these plates have singularities at the vertices of the left edge where the boundary conditions change. Nevertheless, the relative errors are excellent again. In fact, these errors lie below 4% for the coarsest mesh (N = 8), which is a behavior comparable to that for a simply supported or a clamped plate (Tables 1 and 2 , respectively). The vibration frequencies of a simply supported Kirchhoff rectangular laminated plate can also be computed analytically. In fact, a procedure similar to that used in Test 1 works in this case, too. We have used the analytical solution to find a Kirchhoff laminated plate with an eigenvalue with multiplicity two and another one very close to this (relative difference around 0.5%). Since the double eigenvalue appears not for symmetry reasons, it splits into two different ones in the Reissner-Mindlin model, both converging to it as the thickness becomes smaller. Thus we have a small cluster of three different but very close vibration frequencies, ω 18 , ω 19 , and ω 20 , in the Reissner-Mindlin plate. These frequencies can also be computed analytically by means of the technique described in Test 1.
The geometrical and physical parameters leading to this cluster are the same as those in Test 1. For the numerical computations, we have used the same uniform meshes as in this test, too.
We have computed approximations ω nh , n = 18, 19, 20, of the three vibration frequencies in the cluster on the meshes corresponding to N = 16, 32, 64, for decreasing values of the thickness t = 0.1, 0.01, 0.001, 0.0001 m.
We have observed that the relative error of each computed vibration frequency roughly behaves like
with a constant C depending neither on the thickness t nor on the mesh-size h and an order of convergence α very close to 2. For each thickness t and each vibration mode, we have estimated the order of convergence α and the constant C by means of a least square fitting. We have also estimated by extrapolation the limit values for the Kirchhoff model (t = 0).
We summarize these results in Tables 8-10 , separately for each vibration frequency. To allow for comparison, we report again normalized frequenciesω n := ω n /t. One conclusion clearly arises from these tables. The quality of the approximation does not deteriorate when computing frequencies of a cluster. In fact, the constants are essentially independent of t and h and the double order of convergence is preserved as the thickness becomes small (and consequently the vibration frequencies of the Reissner-Mindlin plate get closer).
Conclusions
We analyzed the problem of computing the vibration modes of a clamped laminated plate modeled by Reissner-Mindlin equations. We considered a finite-element method based on DL3 elements for the bending terms and standard triangular piecewise linear elements for the in-plane displacements. We proved optimal orders of convergence in H 1 and L 2 for displacements and rotations, as well as a double order for the eigenvalues. We also proved that the error estimates do not deteriorate as the thickness becomes small, which imply that the method is locking-free.
The keypoint of the proofs is an a priori estimate for the regularity of the solution of the corresponding load problem. This result is interesting beyond the present application, because the error of any numerical method for laminated plates relies on such an estimate
We reported numerical experiments confirming the theoretical results. Moreover, these experiments show the robustness with respect to the physical parameters, the type of meshes, and the interplay between membrane and bending behavior. The experiments also show that the method works for boundary conditions beyond the theoretical results.
In principle the analytical tools developed in this paper could be used to study the convergence of the method for more general boundary conditions and for laminated plates formed by anisotropic laminas, as well. However, a first step would be to provide a result analogous to that of the appendix, whose proof relies heavily on the Dirichlet character of the conditions and the isotropy of the laminas.
Finally, the experiments also show that the eigenvalue separation does not affect the accuracy of the method, although the constants in the error estimates in principle depend on the distance of the approximated eigenvalue to the rest of the spectrum. However, the performance of the method for clustered vibration frequencies is essentially the same as for isolated ones.
Appendix
In this Appendix we will obtain an a priori estimate for the solution of the load problem (2.2) similar to the one valid for classical homogeneous Reissner-Mindlin plates. With this purpose, first we prove the following auxiliary result.
be the unique solution of
with a constant C independent of F ad G.
Proof. We will resort to additional regularity results from [12, Section 8.6 ] regarding Dirichlet problems for elliptic systems. In this reference it is proved that the strip of the complex plane |Re λ| ≤ 1 is free of eigenvalues of the Mellin symbol, which implies H 2 regularity for L 2 right-hand sides, provided the elliptic system (6.1) is formally positive.
Let us recall that formally positiveness means in our case that if the bilinear form of the elliptic system is written as follows,
and A ij ∈ R 4×4 , then
is a symmetric positive definite matrix. In our case
If (6.3) is directly written in the form (6.2), the resulting matrix A is not positive definite. However, using the fact that
and
(which is proved by a double integration by parts), (6.3) can also be written in the form (6.2) with There only remains to prove that A is positive definite. With this purpose, we write A = B 1 + B 2 with 
We observe that B 1 is positive definite. In fact, reordering rows and columns of B 1 , we obtain the block diagonal matrix
with
Using (6.4), it is simple to show thatμ 1μ3 −μ On the other hand, B 2 is positive semi-definite. In fact, reordering rows and columns of B 2 , we obtain
The matrix D 2 is positive definite because, using again (6.4), we haveλ 1λ3 −λ For any t > 0 and (f, m, g) ∈ H, let (u, β, w) ∈ V and γ ∈ L 2 (Ω) be the solution to This is a well-posed problem. In fact, first, r is the unique solution to the Dirichlet problem (6.7). Then, subtracting (6.9) from (6.8), since t > 0, existence and uniqueness of (u, β) and p follows from Lax-Milgram lemma. Finally, w is the solution to the well-posed problem (6.10).
For t = 0, equations (6.7)-(6.10) also make sense, but the terms (curl p, η) from (6.8) and (β, curl q) from (6.9) must be understood weakly. Thus, in this case, we are led to finding r 0 , w 0 ∈ H This is a well-posed problem, too. In fact, equations (6.11) and (6.7) are the same, so that r 0 = r, as well. Existence and uniqueness of (u 0 , β 0 ) and p 0 follow from the fact that (6.12)-(6.13) is a well-posed mixed problem (a is elliptic in the whole space and the inf-sup condition is essentially the same as that of the Stokes problem). Finally, w 0 is the solution of the Dirichlet problem (6.14). Moreover, the following additional regularity holds. with K := 2μ 1 +λ 1 2μ 3 +λ 3 − 2μ 2 +λ 2 2 , which can be shown to be strictly positive by using (6.4) and a little algebra. Therefore, from the standard a priori estimate for the biharmonic equation in convex domains, we know that ϕ ∈ H 3 (Ω) and
where we have used (6.16) for the last inequality. Therefore β 0 = ∇ϕ ∈ H 2 (Ω) 2 . Next, using the last inequality in (6.17), we obtain from the usual a priori estimate for the elasticity problem in a polygonal convex domain that u 0 ∈ H 2 (Ω) 2 and u 0 2 ≤ C (f, m, g) 0 . Now, from this inequality and (6.18), we obtain that p 0 ∈ H 1 (Ω) and the corresponding estimate. Finally, the regularity of w 0 follows again from the standard a priori estimate for the Poisson equation on a convex domain applied to (6.14). Thus we conclude the proof. 
